Abstract. Let F be a fibration on a simply-connected base with symplectic fibre (M, ω). Assume that the fibre is nilpotent and T 2k -separable for some integer k or a nilmanifold. Then our main theorem, Theorem 1.8, gives a necessary and sufficient condition for the cohomology class [ω] to extend to a cohomology class of the total space of F . This allows us to describe Thurston's criterion for a symplectic fibration to admit a compatible symplectic form in terms of the classifying map for the underlying fibration. The obstruction due to Lalond and McDuff for a symplectic bundle to be Hamiltonian is also rephrased in the same vein. Furthermore, with the aid of the main theorem, we discuss a global nature of the set of the homotopy equivalence classes of fibrations with symplectic fibre in which the class [ω] is extendable.
Introduction
Let P → B be a fibration over a simply-connected space with fibre equal to a closed symplectic manifold (M, ω). We consider the problem whether the cohomology class [ω] in H 2 (M ; R) extends to a cohomology class of P when the fibre (M, ω) is in a large family of symplectic manifolds, which contains the product spaces of simply-connected symplectic manifolds and the even dimensional torus.
Let Symp(M, ω) be the group of symplectomorphisms of (M, ω), namely diffeomorphisms of M that fix the symplectic form ω ∈ Ω 2 de Rham (M ). A locally trivial fibration with symplectic fibre (M, ω) in the category of smooth manifolds is called a symplectic fibration if its structural group is contained in Symp(M, ω). The following result due to Thurston tells us importance of such an extension of a symplectic class. Theorem 1.1. [26, Theorem 6.3] [31] Let π : P → B be a compact symplectic fibration with symplectic fibre (M, ω) and connected symplectic base (B, β). Denote by ω b the canonical symplectic form on the fibre P b and suppose that there is a class a ∈ H 2 (P ; R) such that i φ 1 of the Hamiltonian isotopy φ t , t ∈ [0, 1]; that is, φ 0 = id M , φ t ∈ Symp(M, ω) for any t and ω(X t , ·) = dH t with d dt φ t = X t • φ t for some time dependent function H t : M → R. We denote by Ham(M, ω) the subgroup of Symp(M, ω) consisting of Hamiltonian symplectomorphisms.
Let F : (M, ω) → P → B be a fibre bundle which is not necessarily in the category of smooth manifolds. We shall say that the bundle F is symplectic if its structural group is the group of symplectomorphisms Symp(M, ω). A symplectic bundle (M, ω) → P → B is said to be Hamiltonian if the structural group may be reduced to the subgroup Ham(M, ω).
The following result due to Lalonde and McDuff gives a characterization of Hamiltonian bundles. Thus one might take an interest in the extension problem of a symplectic class in the case where H 1 (M ; R) = 0 for the given fibre M . In what follows, for a fibration (M, ω) → P → B, we may call the class [ω] extendable in the fibration if it extends to a cohomology class of the total space P .
We deal with such an extension problem assuming that the even dimensional torus is rationally separable from the fibre. In order to explain the separability more precisely, we recall some terminology from rational homotopy theory. We refer the reader to [1] and [4] for more details.
We denote by ∧V the free graded algebra generated by a graded vector space V . Let A P L (X) be the differential graded algebra (DGA) of polynomial forms on a space X. We shall say that a DGA (∧V, d) is a model for X if there exits a quasiisomorphism q : (∧V, d) → A P L (X), namely an isomorphism on the cohomology. Moreover the model is called minimal if d(v) is decomposable in ∧V for any v ∈ V . (∧(t i1 , t i2 )), 0) ⊗ (∧Z, d) for which (Z) 1 = 0 and there exists a cycle β ∈ Z 2 such that in H 2 (M ; R)
for some non-zero real numbers q and q i . Here γ : H * (M ; Q) → H * (M ; R) denotes the map induced by the inclusion Q → R. 
. By virtue of Theorem 1.1, we see that, for every sufficient large real number K, there exists a symplectic form ω K on P such that
By definition, the symplectic manifold (P, ω K ) is T 2k -separable. Moreover we see that P is a nilpotent space. This follows from the naturality of the action of the fundamental group on the higher homotopy groups.
Let (M, ω) → P → B be a fibration over a simply-connected base with symplectic fibre. The purpose of this paper is to exhibit a necessary and sufficient condition for the symplectic class [ω] to extend to a cohomology class of P provided (M, ω) is nilpotent T 2k -separable for some integer k. Unless otherwise explicitly stated, we assume that a space is well-based and has the homotopy type of a connected CW complex with rational cohomology of finite type. For a nilpotent space X, we denote by X Q the rationalization of the space X. We shall write H * (X) for the cohomology of a space X with coefficients in Q. Let (M, ω) be a nilpotent T 2k -separable symplectic manifold which admits the minimal model described in Definition 1.5. Then we can choose a map
Let aut(M ) be the monoid of self-homotopy equivalences of a space M and aut 1 (M ) its identity component. We denote by BG the classifying space of a monoid G with identity. When considering the extension problem of a symplectic class in our setting, a linear map form H 1 (T 2k ) to H 2 (Baut 1 (M )) plays an important role.
of M is defined to be the composite
where ev : aut 1 (M ) → M is the evaluation map at the basepoint of M and the map τ :
is the transgression of the Leray-Serre spectral sequence of the universal fibration aut 1 
To describe our main theorem and its applications, we moreover recall from [24] some terminology and results.
For a given space M , let M W be the category of fibres described in [24, Example 6.6 (ii)]; that is, X ∈ M W if X is of the same homotopy type of M and the morphisms in M W are homotopy equivalences. We shall say that a map E → B is an M W-fibration over B if it is a fibration with fibre in M W. Let π : E → B and ν :
For any M W-fibrations π and ν over B, we write f : π → ν for (f, 1 B ) : π → ν.
Let π : E → B and ν :
that is, it fits into the commutative diagram
′ if there exists a homotopy over B form g to g ′ . We shall say that M W-fibrations π and π ′ are homotopy equivalent if there exist maps f :
be the set of homotopy equivalence classes of M W-fibrations over B. We recall the universal cover π 0 (aut(M )) → Baut 1 (M ) → Baut(M ). Assume that B is simply-connected. Then every map B → BautM factors through Baut 1 (M ). Thus the result [24, Theorem 9.2] allows us to conclude that the map Ψ, which sends a map f : B → Baut 1 (M ) to the pullback of the universal M -fibration
We also refer the reader to [29] for the classifying theorem of fibrations. Let F be an M W-fibration. As usual, we call a representative f :
) the classifying map for F . We are now ready to describe our main theorem. 
is trivial, where κ is the detective map of M .
The novelty here is that we can describe a criterion for the given symplectic class to extend to a cohomology class of the total space in terms of the detective map and the classifying map for the fibration. The advantage of the criterion is illustrated below with many applications.
The T 2k -separable manifold P constructed in Example 1.6 may be trivial, namely the product space of M and T 2k . However the structure of the Sullivan model for the monoid aut 1 (P ) is in general complicated even in that case. On the other hand, we turn this fact to our advantage. Indeed, the complexity and Theorem 1.8 enable us to obtain many essentially different non-trivial fibrations with symplectic fibre (M, ω) in which the class [ω] is extendable; see Corollary 1.11 and Example 1.12 below. We next deal with such a global nature of fibrations.
Let B be a simply-connected co-H-space with the comultiplication ∆ : B → B ∨ B. Then the homotopy set of based maps [B, 
We define M 
as a vector space. In particular,
be the product of the symplectic manifolds with the standard symplectic forms. Then one has
Example 1.12. Let us consider the fibration of the form F : (T 2k , ω) → P → S 2 , where ω is the standard symplectic form on T 2k . By the Leray-Serre spectral sequence argument, one easily deduces that [ω] is extendable in F if and only if the rationalized fibration F (Q) of F is trivial; see Appendix for the definition of the rationalized fibration.
On the other hand, even up to homotopy equivalence, there exist infinite many distinct rationalized fibrations of appropriate fibrations over S 2 with fibre (T 2k × CP (m), ω) in which the symplectic class [ω] is extendable. Here ω is the standard symplectic form. To see this, we consider the natural map
, where B is a double suspension space and N is a nilpotent space.
. We shall prove Claim 1.13 in Appendix. Corollary 1.11 implies that there is a non-trivial element u in the subspace M
Remark 1.14. Suppose that M is a simply-connected homogeneous space of the form G/H with rank G = rank H. Then the result [19 
is trivial, where g : B → Baut 1 (M ) is the classifying map for the underlying fibration of F . Then there exists a compatible symplectic form on P ; that is, the restriction of the form on P to the fibre coincides with the given symplectic form on the fibre.
In view of the universal covering over BSymp(M, ω), we see that the classifying map from B to BSymp(M, ω) of a symplectic bundle factors through BSymp 1 (M, ω) if the base space is simply-connected. By virtue of Theorem 1.8 and Theorem 1.2, we have Corollary 1.17. Let F : (M, ω) → P → B be a symplectic bundle over a simplyconnected base and f : B → BSymp 1 (M, ω) the the classifying map for the principal bundle associated to F . Suppose that (M, ω) is nilpotent and T 2k -separable. Then the bundle F is Hamiltonian if and only if the induced map
It is important to remark some results concerning Theorem 1.8 and Corollary 1.16. Geiges [5] investigated symplectic structures of the total spaces of T 2 -bundles over T 2 . Compatible symplectic structures of such bundles were considered by Kedra [16] . It turns out that the total spaces of all T 2 -bundles over T 2 support symplectic forms; see [5, We focus on the case where the fibre is a nilmanifold. Let M → M Ham(M,ω) → BHam(M, ω) be the universal Hamiltonian M -bundle. This bundle is regarded as a fibration whose classifying map is the map Bj : BHam(M, ω) → Baut 1 (M ) induced by the inclusion j : Ham(M, ω) → aut 1 (M ); see [24, Corollary 8.4] . Suppose that (M, ω) is the 2k-dimensional torus with the standard symplectic form. Then Corollary 1.17 yields that the induced map (Bj)
coincides with the image of the detective map κ; see Lemma 3.5. This result is generalized to the case of nilmanifolds, which are no longer T 2k -separable in general. More precisely, we establish Theorem 1.18. Let (N, ω) be a nilmanifold with a symplectic structure ω. Then the induced map (Bj)
Unfortunately, we capture no information on H * (BHam(N, ω)) via H * (Baut 1 (N )) while a non-trivial element in H * (BSymp(N, ω)) comes from an appropriate element in H * (Baut 1 (N )) in some case; see Example 3.6 for example. Theorem 1.18 is deduced from Theorem 1.2 and the following theorem. Theorem 1.19. Let (N, ω) be a nilmanifold with a symplectic structure ω and F : (N, ω) → P → B a fibration over a simply-connected space B with fibre (N, ω). Let f : B → Baut 1 (N ) be the classifying map for F . Then the class
2 (N ; R) extends to a cohomology class of P if and only if the induced map
An outline of this paper is as follows. In Section 2, we recall briefly a model for the evaluation map of a function space from [3] , [14] and [18] of which we make extensive use . Section 3 is devoted to proving Theorem 1.8, Propositions 1.9, 1.10 and Corollary 1.11. In Section 4, by considering the homomorphism induced by the evaluation map aut 1 (N ) → N on the fundamental group, we prove Theorem 1.19. In Appendix, we deal with the extension problem of a symplectic class in a fibration without assuming the nilpotentness of the fibre.
A model for a function space
For the convenience of the reader and to make notation more precise, we recall from [2] and [18] a Sullivan model for a function space and a model for the evaluation map. We shall use the same terminology as in [1] and [4] .
Let (B, d B ) be a connected, locally finite DGA and B * denote the differential graded coalgebra defined by B q = Hom Q (B −q , Q) for q ≤ 0 together with the coproduct D and the differential d B * which are dual to the multiplication of B and to the differential d B , respectively. We denote by I the ideal of the free algebra ∧(∧V ⊗ B * ) generated by 1 ⊗ 1 * − 1 and all elements of the form
The result [2, Theorem 3.5] implies that the composite
is an isomorphism of graded algebras. Moreover it follows from [2, Theorem 3.3] that I is a differential ideal; that is, dI ⊂ I. We then define a DGA of the form (∧(V ⊗ B * ), δ = ρ −1 dρ). Observe that, for an element v ∈ V and a cycle e ∈ B * , if
Here the sign is determined by the Koszul rule that in a graded algebra ab = (−1) deg a deg b ba. Let A P L be the simplicial commutative cochain algebra of polynomial differential forms with coefficients in Q; see [1] and [4, Section 10] . Let A and ∆S be the category of DGA's and that of simplicial sets, respectively. For A, B ∈ obA, let DGA(A, B) denote the set of DGA maps from A to B. Following Bousfield and Gugenheim [1] , we define functors ∆ : A → ∆S and Ω : ∆S → A by ∆(A) = DGA(A, A P L ) and by Ω(K) = Simpl(K, A P L ), respectively.
Let S * (U ) denote the singular simplicial set associated with a space U . Let A P L (U ) be the DGA of polynomial differential forms on a space U , namely A P L (U ) = ΩS * (U ). We choose a basis
which is a homotopy equivalence with a retract
We refer the reader to [2, Lemma 5.2] for more details. Let q be a Sullivan representative for a map f : X → Y ; that is, q fits into the homotopy commutative diagram
.
where a ∈ ∧V , b ∈ B * and τ (n) = [
. With the functor ∆ : A → ∆S mentioned above, we put u = ∆(γ) u, where u is regarded as a 0-simplex in ∆(∧(∧V ⊗ B * )/I). Let M u be the ideal of E generated by the set
We assume that, for a function space F (X, Y ) which we deal with, (2.8)
X is connected finite CW complex and Y is a nilpotent space or (2.9) Y is a rational space and dim Proposition 2.1. Let {b j } and {b j * } be a basis of B and its dual basis of B * , respectively. Under the assumption (2.8) or (2.9), we define a map m(ev) :
that is, there exists a homotopy commutative diagram
, where B * , * (Q, H * (G), Q) denotes the bar complex. Then the additive relation
coincides with the cohomology suspension σ * :
Originally, this result is proved for the homology spectral sequence in the case where G is a topological group. However one can use the notion of the classifying space of a monoid due to May [24] to construct the Eilenberg-Moore spectral sequence mentioned above. The dual argument of the proof does work well to prove Proposition 2.2.
3. Proofs of Theorem 1.8, Propositions 1.9 and 1.10
In order to prove Theorem 1.8, we begin with a consideration on a minimal model for a T 2k -separable symplectic manifold. Let M be a T 2k -separable symplectic manifold which admits a minimal model of the form described in Definition 1.5. Since H * (M ; Q) and H * (T 2k ) satisfy the Poincaré duality, so does 
Since (C, d) is a Poincaré duality algebra, it follows that C 2m−1 = 0. This implies that d * (η(β m ) * ) = 0 and d * (η(β m t i λ ) * ) = 0. It is evident that η(β m ) * and η(β m t i λ ) * are non-exact in B * . By using the minimal model (∧V, d), we construct the model E/M u for aut 1 (M ) as in Section 2. Observe that, in this case, the DGA map q in (2.7) is the identity map. Thus we have
with δ(y ⊗ η ∨ ((ηβ m ) * )) = pβ ⊗ 1 * for some non-zero rational number p, where η ∨ denotes the dual homomorphism B * → (∧V ) ∨ = Hom Q (∧V, Q) of η; see (2.2), (2.3), (2.4), (2.5) and (2.6). In fact, we can obtain the explicit form on the differential as follows: Let ∆ be the coproduct on C * which is the dual to the multiplication of
Then we see that
Thus formula (2.1) enables us to conclude that in
We observe that elements β ⊗ η ∨ (ηt i λ ) * of degree 1 do not survive in E/M u . Indeed, the same computation as above allows us to deduce that
We define a quasi-isomorphism η :
) by η(t ij ) = t ij , η(β) = β and η(y) = 0. The construction of the model for a function space described in Section 2 enables us to obtain an explicit model E/M u for aut 1 (M ). In particular, we see that
where q = min{m, k}. Moreover it follows that δ(y ⊗ η ∨ ((ηβ m ) * )) = pβ ⊗ 1 * for some p = 0 and δ(t i λ ⊗ 1 * ) = 0 for λ = 1, 2. Lemma 3.1 implies that δ(y ⊗ η ∨ ((ηβ m−s t j1 · · · t j2s ) * )) = 0 in E/M u for 1 ≤ s ≤ q.
Let {E r , d r } and { Q E r , d r } be the Leray-Serre spectral sequences of the fibration (M, ω) → P → B with coefficients in the real number field and that with coefficients in Q, respectively. By relying on Propositions 3.3 and 3.4 below, we shall prove Theorem 1.8.
is a permanent cycle. for any i.
Proof of Theorem 1.8. The inclusion Q → R induces the morphism of spectral sequences {γ r } : { Q E r , d r } → {E r , d r } for which γ 2 is injective. By virtue of Proposition 3.3, we have
Thus it follows from Proposition 3. In order to prove Propositions 3.3 and 3.4, we use two spectral sequences. Let { EM E r , d r } be the Eilenberg-Moore spectral sequence with coefficients in Q converging to H * (M aut1(M) ) with
as an algebra. Let { Q E r , d r } be the Leray-Serre spectral sequence of the universal
as a bigraded algebra since Baut 1 (M ) is simply-connected.
Proof of Proposition 3.3. Let us consider the Eilenberg-Moore spectral sequence { EM E r , d r } mentioned above. Then the differential
is induced by the evaluation map; that is, d 1 (x) = −ev * (x) for any x ∈ H * (M ), where H * (aut 1 (M )) = H * (aut 1 (M ))/Q; see [24] . We use here the normalized cobar construction to compute the cotorsion product. Then Proposition 2.1 and the explicit model (E/M u , δ) for aut 1 (M ) mentioned above enable us to deduce that
For dimensional reasons, it is readily seen that the element β ∈ EM E 0,2 2 is a permanent cycle. The induced map i * fits into the following commutative diagram; see [8, Corollary 3.11] .
We see that the map i * factors through the edge homomorphism of the spectral sequence { EM E r , d r }. This implies that there is an element
Moreover the map i * also coincides with the edge homomorphism
of the Leray-Serre spectral sequence. Thus
is a permanent cycle and hence so is β ∈ Q E 0, 2 2 for the naturality of the Leray-Serre spectral sequence. We have the result.
Let { EM E r , d r } be the Eilenberg-Moore spectral sequence with M ) ). We provide a lemma to prove Proposition 3.4.
Proof. By virtue of Proposition 2.1, we see that
By definition, the transgression τ :
The result follows from Proposition 2.2.
Proof of Proposition 3.4. Recall the Eilenberg-Moore spectral sequence { EM E r , d r } mentioned above. Then we see that
Moreover the naturality of the Eilenberg-Moore spectral sequence allows us to conclude that
where π : M aut1(M) → Baut 1 (M ) is the projection of the universal M -fibration. Then it follows that in the Leray-Serre spectral sequence { Q E r , d r }, the elements d 2 (t i1 ) and d 2 (t i2 ) for 1 ≤ i ≤ k are linearly independent and that
Suppose that d 2 (t i1 t i2 ) = 0 for any i. Then we have
It follows from Lemma 3.5 that H * (f ) • κ is trivial. This completes the proof. 
coincides with
Proof of Proposition 1.10. We first recall that the suspension space B is formal; see [4, Theorem 13.9] . Let (∧ W , d) be a minimal model for Baut 1 (M ). By virtue of the Sullivan-de Rham equivalence theorem [1] , we have a well-defined bijection
which sends a class [f ] to the homotopy class of a Sullivan representative for f . We shall show the former half of the assertions. Assume that H * (Baut 1 (M )) is a free algebra. Then it is readily seen that (∧ W , d) = (∧W, 0). The result [4, Lemma 14.5] yields that if ϕ 0 and ϕ 1 are morphisms of DGA's from a Sullivan algebra with ϕ 0 ≃ ϕ 1 , then ϕ 0 is chain homotopic to ϕ 1 . Thus it follows that the homotopy relation ≃, which we consider here, is nothing but the equal relation. Hence we see that the restriction gives rise to an isomorphism
Observe that the bijection Θ 2 • Θ sends a class [f ] to the restriction of the induced map H(f ) :
) is a morphism of abelian groups. Thus [B, (Baut 1 (M )) Q ] * admits a structure of vector space which respects the additive structure of the abelian group. In consequence, we see that Θ 2 • Θ • θ is an isomorphism of vector spaces. By the same way, [B, (Baut 1 (M )) Q ] is equipped with a structure of vector space so that θ is an isomorphism.
Let l : Baut 1 (M ) → (Baut 1 (M )) Q be the rationalization map. To obtain the first isomorphism, it suffices to show that the induced map By assumption we see that B = S 2 ∧ B ′ for some finite CW complex B ′ . Thus we have a commutative diagram
in which the lower sequence is an isomorphism of vector spaces and the upper sequence is an isomorphism of abelian groups. Here ad denotes the adjoint map and l : map
is the map between the spaces of based maps induced by the rationalization map l.
The result [13, II Theorem 3.11] yields that the restriction of the map l to each connected component is the rationalization. Thus we see that π 2 ( l) ⊗ Q is an isomorphism and hence EM W(B) ⊗ Q ∼ = Hom GV (W, H * (B)) as a vector space. Suppose that B = S 2 . Since Baut 1 (M ) is simply-connected, it follows that
Therefore we see that the restriction gives rise to an isomorphism
By the same argument as above, we have
2k -separable symplectic manifold and B = S 2 . The second isomorphism can be extracted from the first one and Theorem 1.8. It follows from Lemma 3.5 that dim Imκ = 2k. This allows us to obtain the equality on the dimension.
Proof of Corollary 1.11. Let M denote the symplectic manifold T 2k × CP (m). We recall the basis in (E/M u ) 1 described in Example 3.2. Then we see that
Moreover we have
. Then the result follows from an appeal to the equality in Proposition 1.10. Example 3.6. We present here an application of Corollary 1.17.
Let (M × T 2 , ω + dt 1 ∧ dt 2 ) be the symplectic manifold for which dt 1 ∧ dt 2 is the standard symplectic form on T 2 . We define a monoid map ℓ :
be the composite of ℓ and the monoid map S 1 → aut 1 (S 1 ) arising from the multiplication of the circle. Then h factors through Symp 1 (M ×T 2 , ω +dt 1 ∧dt 2 )). Let us consider the following commutative diagram
where p M×T 2 : M × T 2 → T 2 is the projection onto the second factor. Since 
). In view of Corollary 1.17, we see that the bundle is Hamiltonian if and only if a = 0.
Remark 3.7. Corollary 1.16 is refined in the case of a fibration over S 2 with fiber T 2 . In fact, it follows that a symplectic T 2 -bundle ξ over S 2 possesses a compatible symplectic structure if and only if ξ is trivial (compare Example 1.12). To see this, we recall the result due to Earle and Eells which asserts that the natural inclusion i :
is a homotopy equivalence; see also [7] . Let g : S 2 → BDiff 1 (T 2 ) be the classifying map of the given T 2 -bundle ξ. Then homotopy class [g] is identified with the element (ψ We prove the "only if" part. By virtue of Theorem 1.8, we see that g * • κ is trivial. Let us consider the following commutative diagram. [32, Remark 4.13] ) Let ξ be a principal T 2 bundle over a simplyconnected symplectic manifold whose second integral cohomology is torsion free. The same argument as in Remark 3.7 enables us to deduce that ξ admits a compatible symplectic structure if and only if the bundle is trivial.
A fibration whose fiber is a nilmanifold
Proof of Theorem 1.19. The "if" part is immediate; see Remark 1.3. In order to prove the "only if" part, we choose a minimal model (∧Z, d) for N so that ∧Z = ∧(x 1 , ...., x n ) and d(x i ) ∈ ∧(x 1 , ..., x i−1 ), where deg x i = 1; see [12] . By using (∧Z, d) as a model for the source space N and taking the same model for the target space, we construct a Sullivan model E/M u for G := aut 1 (N ); see Section 2. Observe that there exists a surjective map ∧(x 1 ⊗ 1 * , ...., x n ⊗ 1 * ) → E/M u . We use the same notation as x 1 ⊗ 1 * for its image of the surjection. Choose a basis {x i1 ⊗ 1 * , ..., x i k ⊗ 1 * } of (E/M u )
1 . We then have
Since the degree of the element x ij ⊗ 1 * is odd for any i j , it follows that (E/M u , δ) is minimal. This implies that δ ≡ 0 because aut 1 (M ) is a Hopf space.
We describe here generators of H * (BG). Let us consider the Eilenberg-Moore spectral sequence {E r , d r } converging to H * (BG). It is immediate that each x ij ⊗1 * is primitive. Thus we see that
where deg[x i l ⊗ 1 * ] = 2 for any 1 ≤ l ≤ k. For dimensional reasons, we have
Let X be a nilpotent space with a minimal model (∧V, d). 
for n ≥ 1, which is an isomorphism for n ≥ 2. Here π * (X) Q denotes the rationalization of π * (X) while π n (X) Q = π n (X) ⊗ Q for n ≥ 2. The proof of [6, Theorem 2] enables us to obtain the following commutative diagram
where ∂ ′ is the connecting homomorphism of the universal fibration G → EG → BG. Thus we obtain a commutative diagram
is non-trivial. By virtue of Proposition 2.1, we see that m(ev)(x is ) = x is ⊗ 1 * . It follows that m(ev)
As considered above, the generators of H * (BG) are concentrated in H 2 (BG). Thus we see that the map H * (f ) : H 2 (B) → H 2 (BG) is non-trivial and hence so is f * : π 2 (B) Q → π 2 (BG) Q . This yields that the composite of the lower sequence of maps in the diagram above is also non-trivial.
On the other hand, since [ω] extends to a class of the cohomology of P , it follows from the proof of [30, Theorem 1.3] that the rationalization of the fibration N → P → B is a trivial one. Observe that P is a nilpotent space; see Example 1.6. This allows us to conclude that the connecting homomorphism ∂ Q : π 2 (B) Q → π 1 (N ) Q is trivial, which is a contradiction. We have the result. Remark 4.1. We mention that π 1 (Ham(T 2 )) = 0; see [27, 7.2] . It follows from the proof of Theorem 1.19 that (QH * (Baut 1 (N ))) i = 0 for i > 2 if N is a nilmanifold. Therefore Theorem 1.18 follows immediately from these results in the case of the 2-dimensional torus.
Hamiltonian diffeomorphisms. I also thank the referee for comments to revise a previous version of this paper.
Appendix
So for we assume that the fibration we deal with has the nilpotent symplectic fibre. Nevertheless, some important symplectic manifold is not nilpotent; see Example 5.2 below. We rephrase Theorem 1.8 in such a case.
Let 
for F in which vertical arrows are quasi-isomorphisms, j is a Sullivan model for p and π is the natural projection; see [10] , [11] . Moreover the result [4, Proposition 17.9] allows us to obtain a fibration F (Q) of the form
which is referred to as the rationalized fibration of F . Here |A| denotes the spatial realization of a DGA A. Observe that |(∧V, d)| is the rationalization B Q since by assumption B is simply-connected. For a simplicial set K and a DGA A, we define a map
by η(φ) = f ; f (σ)(a) = φ(a)(σ) for a ∈ A and σ ∈ K. Recall that η is bijective and that it gives rise to the adjunction ψ A : A → Ω∆A which is a quasi-isomorphism if A is a Sullivan algebra; see Assume that M is a T 2k -separable symplectic manifold which is not necessarily nilpotent. As in the introduction, we define a map p
as in Definition 1.7. We present a variant of Theorem 1.8. Observe that the low sequence is the rationalized fibration F (Q) of F . In our case, the assumption (2.9) is satisfied. Therefore by applying the same argument as in the proof of Theorem 1.8 to F (Q) , we have the result. We refer the reader to [28] for the details and the classification of such T 2 -bundles. Then it follows from the argument in [16, 3. for which da = db = dσ = 0, dτ = σ 2 , deg a = deg b = 1 and deg σ = 2. Thus the total space M (−I, I, 0, 0) is T 2 -separable. We observe that π 1 (T 2 ) does not act nilpotently H * (T 2 ) the cohomology of the fibre of F and that M (−I, I, 0, 0) admits a symplectic structure compatible with the fibration; see [16, 3.2] for more details. Drawing on the representation of the fundamental group of the total space of a T 2 -bundle over T 2 due to Sakamoto and Fukuhara [28] , we see that π := π 1 (M (−I, I, 0, 0)) is not nilpotent. In fact, there exist four generators of γ, δ, l and h of π 1 (M (−I, I, 0, 0)) such that, in particular, γ(l, h)γ −1 = (l, h)(−I) and that l and h correspond to appropriate generators of the fundamental group of the fibre. We then have γlγ −1 = l −1 and hence γl k γ −1 l −k = l −2k = 0 for any k ∈ Z. Observe that the induced map π 1 (T) → π is a monomorphism. An inductive argument deduces that γl It seems that Theorem 5.1 is somewhat technical and forced. However it is indeed a generalization of Theorem 1.8 as is described below. 
